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A nonequilibrium plasma model is developed for computing the thermodynamic properties of partially ionized
molecular hydrogen in both non-local thermal equilibrium (non-LThE) and non-local chemical equilibrium (non-
LChE). The model uses multitemperatures for thermal nonequilibrium. Nonzero chemical affinities are used
as a measure of the deviation from chemical equilibrium. Internal energy, enthalpy, entropy, Gibbs and
Helmholtz free energies, and the speed of sound are computed for pressures ranging from 0.1 to 100 kPa, and
electron translational temperatures ranging from 5000 to 35,000 K. Effects of the changes in pressure, chemical
affinity, and temperatures of different energy modes and species on the thermodynamic properties of molecular
hydrogen are examined and discussed. It is found that a positive affinity of the recombination reaction or a
decrease in plasma pressure will cause ionization to occur at lower temperatures, resulting in higher plasma
enthalpy, internal energy, and entropy. Increase of the temperature of a particular energy mode also increases
the total energy and entropy of the plasma, but the translational temperatures play a dominant role in the
temperature range considered. The speed of sound is changed more by chemical nonequilibrium than by thermal
nonequilibrium effects.

Nomenclature
A, a = Helmholtz free energy
C = concentration
c = speed of sound
cp = constant-pressure specific heat
e = electronic charge
e~ = free electron
G, g = Gibbs free energy
H, h = enthalpy
H°r = negative of the heat of reaction for reaction r
h = Planck's constant
/ = moment of inertia
k ~ Boltzmann's constant
m ~ mass
N = total particle number
n = number density
p - pressure
q = heat
R = gas constant
S, s = entropy
T = temperature
U, u = internal energy
V = volume
v = specific volume
w = work
Z = partition function
z = number of elementary charges
ar = chemical affinity for reaction r
y = specific heat ratio
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A/z = enthalpy of formation
6 = characteristic temperature
Kf = forward rate constant
jit = chemical potential
v = stoichiometric coefficient
£ = extent of chemical reaction
pD = Debye length
a = intermolecular potential constant
a) = forward reaction rate

Subscripts
a = heavy particles
corr = Debye - Huckel correction

= electron
internal energy modes

e
int
j
r
t
v

= species /
= rotational energy mode
= translational energy mode
= vibrational energy mode
= electronic excitation energy mode

Introduction

M ODELING of nonequilibrium plasma for advanced
propulsion research has received increasing attention

in recent years. In high-temperature propulsion systems such
as gas-core and nuclear-thermal thrusters, the high gas ve-
locity and low gas density in the thruster nozzle result in both
local thermal and chemical nonequilibrium. Plasma property
calculations based on local thermodynamic equilibrium (LTE)
or frozen flow assumptions may result in significant errors for
gas dynamics and heat transfer analyses in the design of ad-
vanced propulsion systems. It was mentioned in Pierce's book1

that in the case of a hypersonic nozzle flow, the gas state is
continuously changing and chemical nonequilibrium exists over
large flow distances. As a result, three regions of flow are
commonly assumed in the analysis of hypersonic nozzle flow:
1) an equilibrium flow in the converging portion and the throat
of the nozzle due to the relatively low flow velocities; 2) a
frozen flow region far downstream of the diverging section in
which the composition is invariant; and 3) a region down-
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278 CHEN AND EDDY: PROPERTIES OF MOLECULAR HYDROGEN

stream of the throat where chemical nonequilibrium exists.
Flows in these regions have quite different characteristics and
should be treated separately.

Most gas dynamics codes currently available for rocket en-
gine design have taken chemical nonequilibrium into account
by solving the stiff chemical rate equations directly. Early
methods for chemical nonequilibrium used steady-state ki-
netics analysis which encountered a saddle-point singularity
near the nozzle throat, making it difficult to integrate from
the subsonic to the supersonic regions.2 The time-dependent,
finite-difference method by Anderson2 alleviates the difficulty
encountered with steady-state kinetics analysis. However, un-
certainty in the rate constants and the stiff reaction rate equa-
tions make it difficult and sometimes inaccurate to compute
chemically reacting flows at high temperatures. On the other
hand, nearly constant chemical affinity was observed in sev-
eral plasma jet and plume measurements,3 indicating that it
may be simpler and more accurate to use chemical affinity in
thermodynamic analysis of high-temperature gas flow,3 or to
correct reaction rate equations for nonequilibrium.4

Thermal nonequilibrium implies that the temperatures of
different species and energy modes (translational, rotational,
vibrational, and electronic excitation) in a gas mixture are not
equal. Vibrational nonequilibrium is of particular interest in
the analysis of modern gasdynamic and chemical lasers, and
has been an important aspect of hypersonic wind tunnels.2

The two-temperature plasma model (which assumes the trans-
lational temperatures of electrons and heavy particles are dif-
ferent) is commonly used for the study of nonequilibrium
plasma flow. Complete thermal nonequilibrium has not been
considered in most gas dynamics analyses. Since at high tem-
peratures, thermal nonequilibrium may have significant ef-
fects on emission coefficients and radiation emission is im-
portant to high-temperature gas measurement and diagnosis,
gas dynamics analysis should include thermal nonequilibrium
when applied to propulsion systems operating at very high
temperatures and velocities.

Presented in this article is a nonequilibrium plasma model
for computing the thermodynamic properties of partially ion-
ized molecular hydrogen in both non-local thermal equilib-
rium (non-LThE) and non-local chemical equilibrium (non-
LChE). Hydrogen is selected in the present investigation
because it is the favored propellant fuel in advanced nuclear-
thermal propulsion. Composition, partition functions, and
thermodynamic properties of hydrogen have been investi-
gated and calculated by several researchers. Most of the early
works5"10 were limited to LTE hydrogen. Sonic speed and
chemical composition of low-temperature hydrogen were cal-
culated by King11 for LTE and frozen flows. Thermodynamic
and transport properties for hydrogen in LChE were com-
puted in Cho's thesis12 with translational and electronic ex-
citation nonequilibria taken into account. The LTE result of
Cho's calculation agrees well with Patch's calculation13 for
temperatures above 2000 K.

In the present investigation, the nonequilibrium plasma model
developed by Cho and Eddy12 is modified to include chemical
nonequilibrium. In addition, rotational and vibrational non-
equilibria of diatomic and polyatomic components are added
to the non-LThE model. The computed hydrogen properties
show that a positive affinity of the recombination reaction or
a decrease in pressure will cause ionization to occur at lower
temperatures, resulting in higher plasma energy and entropy.
Thermal nonequilibrium strongly affects internal energy, en-
thalpy, and entropy when chemical reactions take place. Gibbs
and Helmholtz free energies are less sensitive to chemical and
thermal nonequilibrium, but are affected strongly by pressure
change at high temperatures.

Nonequilibrium Plasma Model
A nonequilibrium plasma model based on the generalized

multithermodynamic equilibrium (GMTE) model was devel-
oped by Cho and Eddy12 for a hydrogen plasma with trans-

lational and electronic excitation nonequilibria. The model
uses multitemperatures for thermal nonequilibrium. It has
been modified and extended to non-LChE gases14-15 by using
non-zero chemical affinities as a measure of the deviation from
chemical equilibrium after rediscovered work of de Donder16

and Prigogine,17 as well as Potapov.18 In addition, separate
internal partition functions are employed for diatomic and
polyatomic species in the modified plasma model. Conse-
quently the assumption of equivalence between any transla-
tional, rotational, vibrational, or electronic excitation tem-
peratures for different species is not necessary in the application
of the present plasma model.

In the present nonequilibrium plasma model, chemical
composition and thermodynamic properties of a hydrogen
plasma at given pressure and chemical affinity are expressed
as a function of different energy distribution parameters (tem-
peratures) within each energy mode of each species. The heavy
particles in the plasma are assumed to have the same trans-
lational temperatures. Therefore, the different temperatures
involved are electron translational temperature Te, transla-
tional temperature of the heavy particles Ta, rotational tem-
peratures of diatomic and polyatomic species Trj, vibrational
temperatures of diatomic and polyatomic species TVjj, and
electronic excitation temperatures Txj. The species consid-
ered in the present plasma model include hydrogen atom (//),
proton (//+), free electron (e~), hydrogen molecule (//2),
negative hydrogen ion (//"), hydrogen diatomic molecule ion
(//J), and hydrogen triatomic molecular ion (//J).

The plasma is treated as an ideal gas with the Debye-Huckel
approximation employed for pressure correction. The cutoff
levels for the ionizations of H and H2 are calculated by the
Debye-Huckel method19-20 and the modified Bethe method,10-21

and the lower level of these two methods is used. The pro-
ration method after Patch10 is used when the cutoff energy
level is between two discrete levels.

The chemical affinity as defined by de Bonder16 is

(i)
The summation on the right side is one form of the law of
mass action, which for chemical equilibrium is equal to zero;
therefore, a is a measure of the deviation from the chemical
equilibrium condition. The Gibbs free energy is related to the
affinity by4-22-24

(2)

Equation (2) shows that the affinity is the nonequilibrium
driving potential operating through the nonequilibrium £ at-
tempting to bring the reaction into the equilibrium compo-
sition at the local temperature and pressure.22 The dg = - a df
term is analogous to dw = -p dv working or dq = T ds
heating. The sign of the affinity in relaxing recombinations is
like that of the free energy for strongly reactive combinations,
both having negative values. In the explicit statements of the
law of mass action, the heat of reaction, dissociation, or ion-
ization energy appears with the affinity, such that the differ-
ence represents the effective activation energy. As a result,
it is convenient to use a dimensionless of reduced chemical
affinity a*, defined as

a
Ho (3)

where HQ is the negative of the heat of reaction. In this work,
the basis is the negative of the heat of reaction at 0 K and
100 kPa.

£ is the extent of reaction with d£/dr, called the overall
reaction rate or reaction velocity.4-23 The rate of change of
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species y is related to the overall reaction rate and chemical
kinetics by

1 =*~\\
where the forward reaction rate is

<» = «f FT C?

(4)

(5)

The chemical affinity is a parameter that can be used to quan-
tify the degree of partially frozen flow. It can be directly
entered into the thermodynamic diagnostic model equations3-25

and evaluated, or it can be back-calculated from chemical
kinetic measurements of the overall and forward reaction rates.
The choice is a matter of convenience. The affinity provides
a way for more precision to specify the reaction since the a>
Qxp[ — a/(kT)] term is the actual backward reaction rate, and
not one based on backward rate coefficients calculated from
the forward rate and the equilibrium constant.

Plots of thermodynamic data are provided so the reader
can appreciate the effect of chemical nonequilibrium on the
thermodynamic properties. The affinity is used similarly to
equilibrium intensive variables. Actual processes would be
expected to cross over "isaffins" (lines of constant affinity).
Experimental work in argon3 and argon/helium25 plasma jets
and hydrogen tunnel arc flows (unpublished results obtained
by second author) have indicated that the affinity is essentially
constant (frozen) at various radii, axial lengths, and at various
power levels in the plasma plume, but has different values for
different mixtures of gases. In this special case, the process
would follow an isaffin on the chart. Just as a throttling process
is isenthalpic, it appears that plasma free jets may be isaffinic.
The thermodynamic plots as a function of the affinity are
important in understanding the introduction and role of a new
thermodynamic variable.

The chemical reactions considered are the formations of
the five minor species from the collisions of the two major
species of the seven components in hydrogen plasma. At high
temperatures the two major species are H+ and e~. When
the number density of H+ drops below that of //, the major
species are changed to H and e~. In view of the large variety
of the combinations of pressure, affinity, and different tem-
peratures, we limited our attention to the cases in which a*
are the same for the five chemical reactions, TX>J- = Tx H, and
TrJ = Tvj = Ta. Although the plasma model we developed
is capable of dealing with rotational and vibrational non-
equilibria, the number densities of the diatomic and polya-
tomic species are very small for temperatures above 5000 K.
Therefore, rotational and vibrational nonequilibria are ex-
pected to have little effects on plasma properties at high tem-
peratures.

Hydrogen composition and partition functions have been
calculated by the authors and Cho in a recent DOE report14

for pressures ranging from 0.1 to 100 kPa, Te from 5000 to
35,000 K, TJTa from 1.0 to 1.4, and Te/TXtff from 0.8 to 1.4.
Three a* values, 0, 0.2, and 0.4, were used in these calcu-
lations. Part of these results were presented and discussed in
Ref. 15. It was found that the number density ratios of the
minor species vary almost exponentially with variations in a*.
The total number density and the number densities of the
major species are less sensitive to the change of affinity value
because they have the baseline dependence on pressure and
temperature.

Calculation of Thermodynamic Properties
Number densities and partition functions calculated from

the non-LTE, non-LChE plasma model are used to compute
thermodynamic properties A, G, H, S, and U for molecular
hydrogen plasma at different pressures and temperatures. For
a plasma in non-LThE, the temperatures of different species

and energy modes are different. The ensemble average is used
for computing the properties of the whole system. The en-
semble properties are calculated by summing the properties
of each species and each energy mode over all modes and
species. For example, the internal energy of the plasma is
calculated from

u = (6)

where subscripts j and /c represent the number of species and
the number of energy modes, respectively. Ucorr is the cor-
rection due to the Debye-Huckel approximation. Other ther-
modynamic properties are calculated in a similar fashion. Cap-
italized letters are used for properties per unit mass, and
lower-case letters for properties per particle. The reference
energy state is atomic hydrogen at 0 K and 100 kPa.

It is assumed that each species in the gas mixture behaves
as an ideal gas, with the Debye-Huckel correction included
in the translational mode. The energy modes considered in
thermodynamic property calculation are the translational, ro-
tational, vibrational, and electronic excitation modes. Each
mode is considered as a Maxwell-Boltzmann system and is
characterized by a temperature TkJ in complete multithermal
equilibrium (MThE). NonBoltzmann distributions can be
handled with partial MThE considerations. The Debye-Huckel
approximation is employed because of the interaction of the
charged particles in plasmas. Contributions of different en-
ergy modes are computed from the following equations:

1) Translational mode

g,j = a<,j

(7)

(8)

(9)

(10)utj = atj + Ttjsttj

2) Internal modes

«!„,,, = -*r i n W /J,Z i n W (12)

(13)

(14)

(15)

(16)

The translational partition function in the above equations is

"int./ = «int./ + TimJS,mJ =

Z,., =

Thus

Z.J/NJ = vl(2irmjkT,Jlh2)*2

(17)

(18)

where Vj is the specific volume of species j.
Only diatomic and polyatomic species have rotational and

vibrational modes. If the coupling effects of these two modes
are neglected, the rotational partition functions and their de-
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rivatives can be calculated from
for / = H2 or H\

Z,, = 7y(o-A.y)

\dTj z

for / = H J

ZrJ =

/* ZrJ = 1.5
8Tr : Tri

(19)

(20)

(21)

(22)

The vibrational partition functions and their derivatives are
for / = H2 and HJ

Tvi
I - exp

for / = H J

(23)

(24)

7 (25)

d&Z,,; /0,

^flexpl-^ / 1 -exp ' ^

+ 2 -£

where

Ovja = 1.43883 x 3350 K

evjb = 1.43883 x 2800 K

(27)

(28)

The coefficients involved in the internal partition functions
such as o-j and 0intJ can be found in Huber and Herzberg's
book26 and the books edited by Glooshko.27 The electronic
excitation partition function and its derivative for hydrogen
atom can be computed analytically. ZX>H2 can be found in
Patch's report.10 A numerical derivative is employed to com-
pute the derivative d Zx?//2/d TX>H2 in the present calculation.
Because of the extremely high energy levels of the excited
states of H2 and H% ,28 only electronic ground states of these
two species are considered in the electronic excitation mode.

The Debye-Huckel correction for multitemperature plas-
mas has been investigated in some detail. The change in free
energy of a multitemperature plasma of density p and volume
V is12-29:

pVACOTI = =— X (Ntf)
->PD i

Thus

flcorr,, = ~Z,2e2/(3po)

where pD is defined as

_
PD -

(29)

(30)

(31)

The Debye-Huckel correction for the pressure of ; is

Pcorrj = dV

Therefore, the ideal gas law should be changed to

PJVJ = kTitj + pcorr,;-/rty = kTtj - zJe2/(6pD)

The Debye-Huckel correction for entropy is

(32)

(33)

(34)

Since <zcorrj is a function of t>1 ? v2, . . . , fy, T"r>1, T r2, . . . , 7^-,
the derivative in Eq. (34) is carried out by keeping v{, v2,
. . . , vy, TM, r /2, . . . , 7^/_i constant. The result is

(35)viTt

The Debye-Huckel correction terms are functions of the
number densities and translational temperatures of electrons
and heavy ions. Inclusion of the Debye-Huckel correction in
the plasma model results in a small deviation from the ideal
gas mixture model, which assumes the presence of different
gases in a gas mixture has no effect on individual species.
However in all the cases studied, the Debye-Huckel correc-
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b) Enthalpy

Fig. 1 Internal energy and enthalpy vs Te for LThE hydrogen plasmas
at different pressures and dimensionless chemical affinities.
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b) Gibbs free energy
Fig. 2 Helmholtz and Gibbs free energies vs Te for LThE hydrogen
plasmas at different pressures and dimensionless chemical affinities.

tion was found to be very small. The difference between the
computed thermodynamic properties and the results of an
ideal gas mixture is therefore insignificant.

The speed of sound can be calculated from

For an ideal gas

C = (yRT)0'5

(36)

(37)

where y is the specific heat ratio. In a chemically reacting
flow the specific heat consists of two terms, the frozen specific
heat and the reactional specific heat.30 The frozen term rep-
resents the sum of the contributions of each species and energy
mode. The frozen specific heat of a particular energy mode
can be calculated by differentiating the enthalpy or internal
energy of that energy mode with respect to the associated
temperature. The reactional specific heat is associated with
chemical reactions. Since in a multitemperature plasma,
chemical reactions depend on all the temperatures involved,
it is difficult to find an appropriate temperature for the eval-
uation of the reactional specific heat. Consequently, we de-
cided to use the numerical derivative of Eq. (36) with very
small temperature and pressure increments to calculate the
speed of sound of a nonequilibrium plasma.

Results and Discussion
The effects of changes in pressure and chemical affinity on

enthalpy and internal energy are shown in Fig. 1 for a LThE
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a) Internal energy
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b) Enthalpy
Fig. 3 Effects of thermal nonequilibrium on internal energy and
enthalpy.

hydrogen plasma (all temperatures are equal). The dominant
chemical reaction in the temperature range considered is the
recombination of hydrogen atoms. Compared to the LChE
result (a* = 0), a positive a (or a positive a* since H° of the
recombination reaction is positive) results in higher H+ and
e ~ concentrations than the LChE composition at a given tem-
perature. Lowering the plasma pressure has similar effect.
Since H+ and e~ are at higher energy levels in comparison
with H, enthalpy and internal energy increase drastically dur-
ing ionization. After the plasma is fully ionized, H and U are
independent of p and a* and increase almost linearly with
temperature, indicating the contribution of the translational
mode dominates at high temperatures. On the other hand,
the computed A and G (Fig. 2) show little effect of chemical
nonequilibrium and decrease (note that the curves in Fig. 2
are negative A and G) at almost a constant rate as temperature
increases for temperatures above 15,000 K. Change in pres-
sure affects A and G significantly at high temperatures, as
evidenced by the large difference between the curves of p =
0.1 and 100 kPa. But the difference becomes negligible as
temperature drops to 5000 K.

The effects of thermal nonequilibrium on //, U, A, and G
are shown in Figs. 3 and 4. Only temperature ratios not equal
to unity are shown in the parentheses in the figures. Change
in electronic excitation temperature seems to have no strong
effect on these properties, as can be seen by comparing the
result of TJTXtH = 0.8 to that of TJTXiH = 1.4. The effects
of change in Tx H on H and U decrease after ionization of
hydrogen atoms is completed. Increasing Te while keeping Ta
constant changes A, G, //, and U only slightly around 5000
K. But over the temperature range in which ionization takes
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Fig. 4 Effects of thermal nonequilibrium on Helmholtz and Gibbs
free energies.
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Fig. 5 Entropy vs Te for LThE hydrogen plasmas at different pres-
sures and dimensionless chemical affinities.

place, A, G, //, and U of TJTa = 1.4 are much higher than
those of TJTa = 1 at a given Ta. Thus, increase in Te has a
great effect on plasma properties during ionization.

The effects of changes in p and a* on entropy can be seen
in Fig. 5. S increases as/? decreases. Increase in a* results in
higher entropy during ionization. But different a* values have
no effect on S after ionization is completed. The effects of
changes in temperatures of different energy modes on S for
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100

p=100 kPa, a* =0
(LIE)
(Te/Ta=1.4)
(Te/Tx,H=0.8)
(Te/Tx,H=1.4)

0 10000 20000
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Fig. 6 Effects of thermal nonequilibrium on entropy.
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Fig. 7 Speed of sound vs Je for LThE hydrogen plasmas at different
p and a*.

a LChE plasma (a* = 0) at 100 kPa are shown in Fig. 6.
Change in TX>H has little effect on S. Change in Te has a strong
effect on S before ionization takes place. The entropy value
for TJTa = 1.4 is much less than those for TJTa = 1 for
temperatures below the ionization temperature. After hydro-
gen is fully ionized, the difference between different TJTa
ratios is small. In the temperature range in which ionization
occurs, the computed entropy values for different TJTa ratios
show little difference at a given Te. But S for TJTa = 1.4
would be much higher than that for TJTa = l i f T a were used
to plot the entropy curves. Therefore, translational nonequi-
librium is important to entropy calculation at temperatures
above the ionization temperature.

The speed of sound of a nonequilibrium hydrogen plasma
is calculated for a variety of pressure, temperature, and a*
combinations. The derivate of dp/dp\s is approximated by a
three-point, central difference scheme along an isentropic line.
Typical temperature and pressure increments used in the nu-
merical derivate are 100 K and 1 (for p = 100 kPa) to 0.01
(for/? = 0.1 kPa) kPa, respectively. Computed speed of sound
for LTE hydrogen at 300-1000 K was compared to the ideal
gas equation, Eq. (37), with y computed from31

y = cpl(cp - R)

cp(kJlkg-K) = 56.505 - 702.740-°-75

+ 1165.00™1 - 560.700-1-5

0 = T(K)/WQ

(38)

(39)

(40)
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Fig. 8 Speed of sound vs Te for LChE hydrogen plasmas in non-
LThE.

The error was found to be less than 2%. Computed speed of
sound for LTE hydrogen plasma in the full ionization region
also agrees well with Cho's calculation12 which was based on
the method developed in Drellishak's paper.32

Shown in Fig. 7 are the speeds of sound for LThE hydrogen
plasmas at p = 0.1 and 100 kPa, and a* = 0 and 0.4. Speed
of sound increases with temperature and becomes indepen-
dent of pressure after the plasma is fully ionized. The increase
in speed of sound reaches a plateau when ionization takes
place. Since ionization occurs at lower temperatures if p de-
creases or a* increases, the plateaus in the sonic speed curves
shift to lower Te at low/7 or high a*. Because the increase in
c is frozen when chemical reactions take place, there exists a
temperature range (Te = 5000 to 10,000 K) in which the speed
of sound decreases as p increases or a* decreases. These
plateaus were also found in the speed of sound calculation
for argon plasma by Drellishak et al.32

Shown in Fig. 8 are the speeds of sound for different tem-
perature ratios. It is shown in this figure that change in elec-
tronic excitation temperature has no effect on c until very
high temperatures are reached. Changes in translational tem-
perature ratios, on the other hand, have a strong effect on
the speed of sound, especially in the temperature range in
which ionization takes place.

Conclusion
A nonequilibrium plasma model has been developed and

a computer program written for computing the thermody-
namic properties and speed of sound of molecular hydrogen
in both non-LThE and non-LChE. This type of computer
program is useful as a subroutine to a computational fluid
dynamics code, for comparing species density and property
variations from LTE, and for determining simplifications in
diagnostics and modeling. It is found that a decrease in plasma
pressure or a positive affinity of the recombination of hydro-
gen atoms causes ionization to occur at lower temperatures,
resulting in higher plasma enthalpy, internal energy, and en-
tropy. But chemical nonequilibrium has little effect on A and
G. On the other hand, pressure change has a strong effect on
A and G. H and U are independent of p and a* after ionization
is completed. Of the different energy modes, the translational
mode plays a dominant role for hydrogen from 5000 to 35,000
K. Change in Te affects U, //, and 5 significantly during ion-
ization. The speed of sound increases primarily with the trans-
lational temperatures. Frozen speed of sound is found when
chemical reactions take place.
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